A quantum system whose internal Hamiltonian is not strongly regular or/and control Hamiltonians are not full connected, are thought to be in the degenerate cases. In this paper, convergence problems of the multi-control Hamiltonians closed quantum systems in the degenerate cases are solved by introducing implicit function perturbations and choosing an implicit Lyapunov function based on the average value of an imaginary mechanical quantity. For the diagonal and non-diagonal target states, respectively, control laws are designed. The convergence of the control system is proved, and an explicit design principle of the imaginary mechanical quantity is proposed. By using the proposed method, the multi-control Hamiltonians closed quantum systems in the degenerate cases can converge from any initial state to an arbitrary target state unitarily equivalent to the initial state. Finally, numerical simulations are studied to verify the effectiveness of the proposed control method.
Introduction
In the last three decades, the quantum control theory developed rapidly. One of the main goals in quantum control theory is to develop a series of systematic methods for the control of quantum systems. There are many quantum control methods: quantum optimal control (Schmidt et al., 2011) , adiabatic control (Boscain et al., 2012) , quantum control method based on the Lyapunov stability theorem (Grigoriu, 2012; Wen & Cong, 2011) , optimal Lyapunov-based quantum control (Hou, et al., 2012) and so on. By using the quantum Lyapunov control, control systems are at least stable. For this method, the convergence of control systems is a research focus, which is analyzed based on LaSalle's invariance principle (LaSalle & Lefschetz, 1961) . According to LaSalle's invariance principle, as t → ∞ , any state trajectory will converge to the largest invariant set in the set E in which the states satisfy that the first order derivative of the Lyapunov function equals zero. In fact, the set E contains not only the target state but also other states which make the system may converge to other states. Thus, in order to enable the control system converge to the target state, the main idea is to add restrictions to make the set E as small as possible. In recent years, research results on the convergence of the control system by using the Lyapunov control method are as follows: I) Consider the Schrödinger equation H is the (j,l)-th element of k H . In general, if the control systems satisfy the conditions mentioned above, they are called ideal systems and in the non-degenerate cases. However, many practical systems do not satisfy these conditions. They are so called in the degenerate cases. For the degenerate cases, people utilized a modified control design based on an "implicit" Lyapunov function so that the control system can converge to an arbitrary eigenstate from any pure state for the Schrödinger equation (Beauchard et al., 2007; Zhao et al., 2009 Zhao et al., & 2012 Meng, Cong & Kuang, 2012) . However, few works focus on the problem of convergence to a superposition state or a mixed state.
We propose a solution to this problem in this paper. The main contribution of this paper is to make the closed quantum system governed by the quantum Liouville equation in the degenerate cases can converge from an arbitrary initial state to an arbitrary target state unitarily equivalent to the initial state by using the implicit Lyapunov quantum control. In order to complete this control task, our method is to introduce implicit function perturbations into the control laws and choose an implicit Lyapunov function based on the average value of an imaginary mechanical quantity. Based on LaSalle's invariance principle, analyze the convergence of the control system and seek the convergence conditions. Then analyze how to make these convergence conditions be satisfied, and propose the explicit design principle of the imaginary mechanical quantity.
The remainder of this paper is arranged as follows: in Section 2, the model of the control system and control objective are described. In Section 3, the Lyapunov function is choosed, and the control laws are designed. In Section 4, the convergence of the control system is analyzed and proved. How to make the convergence conditions of the control system be satisfied is analyzed. And the explicit design principle of the imaginary mechanical quantity is proposed and proved. Then a design method for the non-diagonal target state cases is proposed. In Section 5, numerical simulations on a 3-level system are done to verify the effectiveness of the proposed method. Some concluding remarks are drawn in Section 6.
Description of Problem
Consider the N-level closed quantum control system governed by the following Quantum Liouville Equation: 
Design of control laws
In this paper, the Lyapunov quantum control method based on the average value of an imaginary mechanical quantity is used. The so-called imaginary mechanical quantity means that it is a linear Hermitian operator to be designed, and maybe not a physical observable. In order to solve the convergence problem for the degenerate cases, 
where
The design idea of ( ) k t γ is as follows: 1) The perturbations are designed to satisfy the strongly regular and full connected conditions so that the control system can converge toward ˆf ρ by designing appropriate control laws; 2) ( ),( 1, , ) k t k r γ = need converge to zero, and their convergent speed must be slower than that of the control sytem to ˆf ρ to make
must hold to make the control system be asymptotically stable at the target state f ρ .
For the non-degenerate cases, Kuang and Cong proposed the restriction According to the analysis mentioned above, let us design ( ), ( 1, , ) k t k r γ = . In the Lyapunov control, since evolution of the system's state relies on the decrease of the Lyapunov function, we design ( ) k t γ be a monotonically increasing functional of ( ) V t :
where 0 k C ≥ , and for 1, , k r = , there exists at least a
can be depicted by Lemma 1.
Proof: Assume 1 , , r P γ γ are analytic functions of the pertur-
By (3) and (5), the derivative of
holds. By (6), one can obtain
Some deductions show that
According to the given condition, one can have
holds. Thus according to the implicit Theorem (Krantz & Parks, 2002) , Lemma 1 is proved. □ Then let us design ( ) ( )= (t),C 1, , , ;
Correspondingly, (3) can be rewritten as ( )
where P γ is a functional of ( ) t γ . By (2), we can obtain the time derivative of the selected Lyapunov function as follows:
The sign of the first term in the right-hand side of (14) 
Equation (15) contains the time derivative of the implicit function perturbation ( ) t γ which needs to be eliminated. By (5) and (13), we can obtain the time derivative of the implicit function perturbation ( ) t γ as:
Substituting (16) into (15), one has
According to (11) and (13), one can obtain 
Convergence analysis
In this section, the convergence is analyzed based on LaSalle's invariance principle (LaSalle & Lefschetz, 1961 
Proof:
Without loss of generality, assume that for (17) and (18) 
where ( ) ll P γ is the (l,l)-th element of P γ . Set ( 1) ( 1) ( 1)( 1)ˆˆ(
( 1) 2 ( 1) 2 ( 1) 2 1,2, 1,3, , 1, In the evolution process of the system's states, as ( ) 0 V t ≤ , the Lyapunov function is decreasing. In order to make the system converge to the target state, we need to
where other ρ represents any other state in the set E except the target state. With the condition (31), the state trajectory will not stay in other ρ until the target state f ρ is reached because there exists at least one non-zero control law in any other ρ to make the state trajectory evolve. Therefore for the target state being a diagonal matrix, if the control system satisfies the conditions in Theorem 1 and (31), the state trajectory can converge to the target state from an arbitrary initial state unitarily equivalent to the target state.
Next we'll analyze how to make these conditions be satisfied in detail. Conditions i) and ii) in Theorem 1 are associated with 0 H , , Design the eigenvalues of P γ be constant, denoted by 1 2 , , , N P P P , then P γ can be written as and make 1 2 , , , N P P P not be close to each other, in general, condition iv) can be satisfied. Then let us analyze how to make (31) hold. The result is as follows: Theorem 2: For the diagonal target state
At first, some useful propositions are proposed as follows. 
where { } 
By (36) and In the numerical simulations, according to the specific design principle of the imaginary mechanical quantity proposed in Section 4, design 1 2 3 , , P P P such that 1 2 3 P P P ≠ >
and not be close to each other. Denote the terminal time of numerical simulations as f t , the principle of regulating 1 2 3
, , P P P is as follows: in general, if ( ) ( ) The principle of regulating 1 K is: the larger 1 K is, the faster the system converges to the target state. But after 1 K exceeding a certain value, the transition probability will decrease, the control effect will deteriorate, and the system even may oscillate. The principle of regulating 1 M is: regulate 1 M be as small as possible on the premise that the perturbations take effect to make the control system exhibits a behavior of trending to the target state. After tuning the control parameters repeatedly and carefully, the control parameters are selected as: 1 0.1 M = , 1 0.25 K = , 1 1.5 P = , 2 2.1 P = , and 3 0.01 P = .
In the simulations, the time step size is set as 0.01 a.u., and the control duration is 30 a.u.. The results of numerical simulations are shown in Fig.1 and Fig.2. Fig.1 displays the evolution curves of 11 ρ , 12 ρ , 22 ρ and 33 ρ . Fig.2 shows the designed control laws 1 ( ) v t , 1 ( ) t γ and 1 ( ) u t . , and the transition probability reaches 99.65% . So the proposed control method is effective.
Conclusion
In this paper, we have investigated the convergence for the closed quantum systems governed by the quantum Liouville equation. For the so-called degenerate cases where the internal Hamiltonian is not strongly regular or/and the control Hamiltonians are not full connected, by introducing implicit function perturbations and choosing an implicit Lapunov function based on the average vale of an imaginary mechanical quantity, an implicit Lyapunov control method has been proposed to complete the state transfer task from an arbitrary initial state to an arbitrary target state unitarily equivalent to the initial state. According to the LaSalle invariance principle, convergence of the control system has been analyzed and proved. The conditions for convergence have been anyalyzed, for which a specific design principle of the imaginary mechanical quantity also has been proposed. At last, the numerical results have demonstrated that the proposed control method in our work is correct and effective.
